Abstract-Paper investigates permanently split capacitor motor of type FMR-35/6, with respect to torque optimization. For this purpose, mathematical model of the motor is derived with the output torque as an objective function for optimization. Motor mathematical model is applied in program developed in the C++ language, which performs the optimization using Genetic Algorithm (GA). Several input design parameters of the motor are varied simultaneously in the GA program. The program gives the best set of varied parameters for which the torque is increased, and consequently a new optimized model of the motor is obtained. Output torque of the optimized motor is increased at rated operating point as well as during motor start. Matlab/Simulink models are designed for obtaining the transient characteristics of the currents, speed and torque. The results from the Simulink models are compared with the results from the mathematical models of the motor-basic and optimized, in order accuracy of the both mathematical models to be verified. Finally, magnetic flux density and its distribution in the cross-section of the motor models are determined for different operating regimes by using Finite Element Method (FEM).
I. INTRODUCTION
The permanently split capacitor (PSC) motor is one of the most widely used single phase motors. Most of the single phase motors utilize an auxiliary (start) winding on the stator side in order to produce a starting torque and this winding is usually disconnected after the motor starts. The PSC motor has neither a starting switch, nor a capacitor strictly for starting. Instead, it has a run-type capacitor, permanently connected in series with the start winding. This makes the start winding an auxiliary winding once the motor reaches the running speed. Because the run capacitor must be designed for continuous use, it can not provide the starting boost of a starting capacitor. Typically, starting torques of PSC motors are low, from 30 to 150 % of rated load, so these motors are not for hard-to-start applications [1] . Searching for a motor design of maximum starting torque or maximum efficiency are objectives of the optimization. Some authors propose surrogate circuit-field model which exploits a polynomial surrogate model and genetic algorithm to find minimum of the objective functions [2] . Variation of capacitance as method for increasing the motor torque is also proposed and analyzed [3] . Optimization of torque and efficiency at single phase motors is a complex issue which besides design parameters (stator and rotor slots, stator windings) involves also the core material and its influence on magnetic flux density [4] . Particle swam optimization method is one of the optimization methods used for obtaining the dimensions of the single phase motor which correspond to the maximum efficiency [5] . This paper proposes mathematical model of single phase permanently split capacitor motor suitable for application in GA optimization software with respect to the torque optimization as an objective function. Optimized model (OM) is derived with three varied parameters : turns ratio of the auxiliary and main stator winding-a, flux density in air gap of the motor-B and axial length of magnetic core-L. Study is performed on FMR 35/6 PSC motor (Fig.2) , produced by the company MicronTech. The motor has the following rated data: rated voltage Un= 220-240 V, rated power Pn=124W, rated speed nn=2880 rpm, rated current In=1.3A and a capacitor of C=6μF. The main objective of this study is to increase the output torque of the motor as well as improvement of motor operational characteristics such as efficiency factor or power factor. By increasing the output torque, motor operation is expected to improve with respect to the coupling of the motor with the load. The study is performed on a motor that was randomly selected. In this specific case, GA has fast convergence towards the optimal solution since the number of varied parameters is relatively small and the analyzed model has only one objective function, which means that there is only a single criterion for the solution. The mathematical model of the motor is derived based on the motor exact geometry, and the accuracy of the model is verified by an experiment. The accuracy of the optimized model is verified by comparing the output results of motor currents, speed and torque from Simulink model of the optimized motor with the corresponding results from GA model of the optimized motor. Impact of modifications in optimized motor model on magnetic flux density in the motor cross-section and in the air gap is analyzed using Finite Element Method (FEM). Finite elements analysis (FEA) is applied on both motor models generic and optimized. As output results from FEA the magnetic flux density distribution at different motor models is determined. Performed numerical analysis for calculation of magnetic flux density in motor cross-section as well as in the air gap gives a useful insight in electromagnetic processes inside the machine models. Additionally, parts of motor construction with high flux density near to the point of core saturation can be easily detected. Magnetic flux density in motor air gap is calculated and its value is compared with the value, predicted in motor mathematical model.
II. MATHEMATICAL MODEL OF PSC MOTOR
Mathematical models of the single-phase motors are based on the double-field revolving theory. The method of symmetrical components is used as a mathematical tool and consequently the unsymmetrical currents and voltages of the two stator windings of the PSC motor, denoted as general vector A (Fig.3) , may be decomposed into two symmetrical systems consisting of forward and backward or direct and inverse components of the symmetrical systems [6] - [12] . The method of symmetrical components is applied in calculation of operational characteristics of the motor. The first step in their calculation is to determine all motor parameters: Rsm-main stator winding resistance, Xsm-main winding leakage reactance, Rsa-auxiliary stator winding resistance, Xsa-auxiliary stator winding leakage reactance, Xmm-magnetization reactance, Rrm-rotor winding resistance, Xrm-rotor winding leakage reactance. The calculation of the parameters is based on data obtained from the motor manufacturer regarding the stator and rotor dimensions, the number of slots and the length of the air gap. After calculation of the rotor parameters, the direct and inverse impedances of the main stator winding 
The currents in the main stator winding, the auxiliary winding and the rotor winding are calculated respectively:
where а-represents the ratio of turns of the auxiliary winding-Na and of the main winding-Nm. Direct and inverse components of electromagnetic torque are found from [6] :
where p is the number of pair of poles and 1 is the angular frequency [rad/s]. Z+ and Z-are direct and inverse impedances obtained from parameters of the main stator winding and rotor winding as well as from magnetization reactance [6] .
Electromagnetic torque is obtained from:
The accuracy of the derived mathematical model, or basic model of the motor (BM), is verified by comparing the obtained results of several motor parameters with the manufacturer's data. This mathematical model will be the basis of the program for optimization of the output torque, using GA. The data supplied by the manufacturer is obtained by experiments performed at their premises. Table I compares calculated and measured data for the rated operation or motor slip s=0.04 and for motor start or slip s=1. 
III. APPLICATION OF GA OPTIMIZATION
Genetic Algorithm is an optimization method, which allows for the most favorable solution of a particular optimization problem to be obtained in a fast and effective way. It belongs to the stochastic methods, on which theory of probability is based. Genetic algorithms and other related evolutionary algorithms (EAs) provide a framework for effectively sampling large search spaces and the basic technique is both broadly applicable and easily tailored to specific problems. There have been three independent implementation instances of EAs. GA, developed by Holland and thoroughly reviewed by Goldberg, evolution strategies (ESs) developed in Germany by Rechenberg and Schwefel and evolutionary programming (EP), originally developed by L.J. Fogel and subsequently redefined by D.B. Fogel. Each of these three algorithms has been proved yielding approximately optimal solutions. Success has been achieved for noisy and time-dependant landscapes. Descriptions that are more formal are given by Bäck and Fogel [13] [14] .
The GA method is robust and reliable. It searches for an extreme of certain function within the complete area of possible solutions, thus avoiding location of the solutions that are not necessarily the global optimum [15] [16] [17] . The primary parameters, in an implementation of a GA method, are the size of the population N and the maximum number of generations G of a certain input parameter. The number of created generation is set to 6000 and the size of the population is set to 20. After all members of the population are created, program proceeds to the calculation of the fitness function of each member of the population i.e. calculation of the objective function. The input parameter varies within defined boundaries, and it is used for finding the optimal solution. The secondary parameters, which must be defined in advance, are the probability of crossover  and the probability of mutation m. These parameters are usually defined within the range of 0-1 and their values depend on the size of the population over the generations. In this specific case νν is set to 0.85 while m is set to 0.07. Algorithm for the optimization of the PSC motor is developed in the C++ programming language, based on the motor mathematical model [18] . The optimization procedure searches for an extreme of the function: maximum or minimum. During the optimization procedure, the main task is to define and to select the most suitable objective function. Since the object of investigation is the PSC motor, the output torque is one of the most important parameters of the motor and in this case, it is chosen to be the objective function for optimization. The optimization is performed for rated operating point for motor slip s=0.04. It is also important to make the right choice of variable parameters and to put them in reasonably defined limits of variation. In this paper, a new optimized model of the motor is proposed with three input varied parameters.
Table II presents ranges of variation of parameters and their output values from the GA program. Turns ratio of the auxiliary and main stator winding-a, flux density in air gap of the motor-B and axial length of magnetic core-L have been chosen as varied parameters. The accuracy of the developed software model of the optimized motor has been verified by placing the varied parameters into fixed ranges of variation equal to the basic model ones and by comparing the obtained values of electromagnetic torque in both cases. According to [6] , the starting torque is expected to increase with turns ratioa. As an output from GA program the best value of the objective function is obtained as well as mean value, standard deviation and best value of each varied parameter. Their variations over the generations are presented in Table III . GA algorithm is applicable in searches for a solution of high degree of complexity that often involves attributes that are large, non-linear and discrete in nature. Although GA does not guarantee that optimality can be achieved, the results are usually close to the global optimum. Optimization is performed by taking into consideration some constraints, i.e. maximal voltage of the capacitor should not exceed 440 V [3] and currents in stator windings should be within limited values of cross-section of copper wire.
IV. OPTIMIZATION RESULTS
The obtained output results of varied parameters from the GA program are used for calculation of the parameters and the characteristics of the optimized motor model. They are presented in Table IV and Table V . All-important operational characteristics of the motor such as main winding current, auxiliary current, supply current, power factor, input and output power, efficiency factor and output torque are calculated for the whole range of motor slips, s= (0, 1) and for both motor models [19] . The output torque for different slips is presented in Figs. 4 . Figs. 5., 6., and 7., present the main stator winding current, supply current and auxiliary winding current for both models of the motor respectively, while Fig. 8 . presents the efficiency factor for different slips. The small modifications in the construction of the motor contributed to the increase of the output torque. This is accompanied by the increase of the power consumption, the supply current and the output power. The obtained output power in the optimized model of the motor is bigger than in the basic model and this provides for a better efficiency factor for the optimized model. In both models of the motor, the power factor is maintained at almost the same level. Table VI presents the torque values for both models for three typical operating regimes: no-load-slip=0.01, rated operationslip=0.04 and start-up-slip=1. 
V. SIMULINK MODELS AND RESULTS
Different library blocks in Simulink can be used for creation of powerful real-time model of the PSC motor [20] . As the stator is provided with two orthogonal windings and the rotor is fully symmetrical, the single-phase induction motor is suitable for direct application of d-q model in stator coordinates [21] [22] . Figs. [9] [10] [11] [12] [13] present transient waveforms of the main winding current, supply current, capacitor voltage speed and electromagnetic torque at rated operating point for both models. After 0.5 s, when acceleration of the motor ends, an external constant rated load is coupled to the motor shaft. Table VI compares the obtained rms values of the characteristics from the mathematical models of basic and optimized motor and from the respective simulation models. It is evident from the presented transient waveforms that the torque in the optimized model has increased as a result of increased supply current. The increased torque shortens the acceleration time of the motor (Fig. 12) . After the acceleration time ends, the current in the main stator winding is reduced from the value of the starting current to the value of the noload current. In addition, 0.5 seconds after the start of the motor, the rated constant load is coupled to the motor shaft and consequently the current in the main stator winding reaches the value of the rated current. Capacitor voltage in both cases is within the prescribed limit of rms value of 440 V. 
VI. FEM MODELS AND RESULTS
Throughout the recent years, FEM has proved to be a valuable tool in analysis of electrical machines in cases when parameters and characteristics of the variety of electromagnetic devices are calculated [23] - [24] . The analysis of the electromagnetic phenomena in the single-phase machines is always a challenging task due to the existence of the two stator windings mutually electromagnetically coupled, which together with the current in the rotor winding, produce an elliptical electromagnetic field in the air gap of the motor.
Therefore, a special attention is paid to proper modeling of the motor with respect to the distribution of the currents in the FEM model of the motor [25] [26] [27] . Phase displacement of the currents in the main and the auxiliary stator winding due to the presence of capacitance in the auxiliary winding is taken into consideration. The original models of the motor suitable for FEM analysis have been developed on the basis of previously calculated parameters and characteristics of the motor. Another important issue is the proper modeling of different operating regimes such as no-load, rated load or locked rotor. Therefore, the conductivity of rotor bars is adjusted in correlation with the motor slips. Time-harmonic approach is implemented in the motor analysis. When the rotor is moving, the rotor variables oscillate with slip dependent frequency. In this case, the rotor bars conductivity  is adjusted in correlation with the slip thus allowing different motor operating regimes to be modeled. The currents in stator windings are input in the models, while the current in the rotor winding is freely induced, in correlation with the motor slip.
Fig. 14 presents the distribution of the magnetic flux density-B in motor cross-sections at rated load for both motor models. Fig. 14 can be concluded that magnetic flux density in some points of the cross-section of OM has high value due to increased currents in all motor windings. In order to decrease these values of the flux density in OM, magnetic materials with high quality should be used in motor construction. The values of the magnetic flux density in the motor air-gap calculated by FEM are confirming the predicted average value of the magnetic flux density of 0.7 T in the mathematical model of the motor.
VII. CONCLUSIONS
The purpose of this study is to improve operational characteristics of permanently split capacitor motor at different working conditions. The method of Genetic algorithm is applied as optimization tool for maximization of the output torque during rated operation and start-up. A newly developed mathematical model of the motor is applied in a software program of Genetic algorithm with three input variable parameters: turns ratio of main and auxiliary stator winding, flux density in motor air gap and length of magnetic core of the stator. The optimization results demonstrate an increase of the output torque at rated load from 0.41 Nm to 0.732 Nm and increase of the starting torque from 0.107 Nm to 0.12 Nm. Even a more significant increase of the starting torque may be achieved by increasing the capacitance in the auxiliary winding [3] . However, this issue is not addressed here. It will be subject of further research of the authors. The increase of the output torque is mainly result of increased motor currents and power consumption. The output power also increases, leading to improved efficiency of the optimized model. Yet, the increase of currents in motor windings is within permitted limits of the cross-section of the copper wire. Transient performance characteristics of both motor models are analyzed in Simulink. That part of the analysis has demonstrated increase of the electromagnetic torque in the optimized motor model, which results in shortened time of acceleration. The Simulink results for the motor currents, speed and voltage of the capacitor are compared with the results of the mathematical models of the motor. They are similar and confirm the accuracy of both proposed mathematical models of the motor: the basic and the optimized one. Magnetic flux density in both motor models is calculated by FEM. Obtained results from the FEM motor models enable parts of magnetic core with high saturation to be detected and the construction of the motor to be further improved with the application of high quality magnetic materials. Obtained values of motor characteristics are highly dependent on accurate calculation of motor parameters. As inductances are calculated using mathematical formulas that give only approximate results, the next step in the research of the authors will be their calculation with numerical methods.
